Interaction Effects on Number Fluctuations in a Bose-Einstein Condensate
  of Light by van der Wurff, E. C. I. et al.
Interaction Effects on Number Fluctuations in a Bose-Einstein Condensates of Light
E.C.I. van der Wurff,∗ A.-W. de Leeuw, R.A. Duine, and H.T.C. Stoof
Institute for Theoretical Physics and Center for Extreme Matter and Emergent Phenomena,
Utrecht University, Leuvenlaan 4, 3584 CE Utrecht, The Netherlands
(Dated: July 21, 2018)
We investigate the effect of interactions on condensate-number fluctuations in Bose-Einstein con-
densates. For a contact interaction we variationally obtain the equilibrium probability distribution
for the number of particles in the condensate. To facilitate comparison with experiment, we also
calculate the zero-time delay autocorrelation function g(2)(0) for different strengths of the interac-
tion. Finally, we focus on the case of a condensate of photons and discuss possible mechanisms for
the interaction.
PACS numbers: 67.85.Hj, 42.50.Ar, 42.50.Lc
Introduction.— Fluctuations are ubiquitous in physics:
from the primordial quantum fluctuations in the early
universe that reveal themselves as fluctuations in the
cosmic microwave background, to current fluctuations in
every-day conductors. For large voltages, the latter fluc-
tuations give rise to shot noise, that is due to the discrete
nature of charge [1]. As a consequence, shot noise can be
used to determine the quanta of the electric charge of
the current carriers in conducting materials [2]. Indeed,
it has been used to characterize the nature of Cooper
pairs in superconductors [3] and the fractional charge of
the quasiparticles of the quantum Hall effect [4]. For low
voltages, the noise in the current is thermal and is called
Johnson-Nyquist noise [5, 6]. Contrary to shot noise,
thermal noise is always present in electrical circuits, even
if no externally applied voltage is present, since it is due
to thermal agitation of charge carriers, that leads to fluc-
tuating electromotive forces in the material.
Theoretically, fluctuations in equilibrium are described
by the fluctuation-dissipation theorem, as formulated by
Nyquist in 1928 and proven decades later [7]. This theo-
rem relates the response of a system to an external per-
turbation to the fluctuations in the system in the ab-
sence of that perturbation. Given a certain fluctuation
spectrum we can reconstruct the response of the system.
Therefore, this theorem is very powerful, as was fervently
argued by the Japanese physicist Kubo [8].
Having stressed the importance of fluctuations in
physics and the information they contain, we now zoom
in on condensate-number fluctuations as our main point
of interest. Traditionally, weakly interacting Bose-
Einstein condensates were first observed in dilute atomic
vapors [9]. For these systems, it is very difficult to mea-
sure number fluctuations because typically number mea-
surements are destructive. Therefore, theoretical work
has focused more on density-density correlation functions
[10, 11].
In recent years, Bose-Einstein condensates of quasipar-
ticles have also been created, such as exciton-polariton
condensates [12], magnon condensates [13] and conden-
sates of photons [14, 15]. These condensates of quasi-
particles are realized under different circumstances com-
pared to the atomic condensates. For instance, these
condensates are created at higher temperatures than the
condensates of dilute atomic gases: from 19 K for the
exciton-polariton condensate to room temperature for
the photonic condensate. Additionally, the condensates
of quasiparticles are not in true equilibrium, since the
steady state is a dynamical balance between particle
losses and particle gain by external pumping with a laser.
Due to these differences, new experimental possibilities
have opened up. For example, large number fluctuations
of the order of the total particle number have been ob-
served in a condensate of photons [16].
In this Letter we investigate number fluctuations in
these new Bose-Einstein condensates. We start by in-
troducing an effective contact interaction into the grand-
canonical Hamiltonian of a Bose gas and derive an equi-
librium probability distribution for the number of parti-
cles in the condensate. Subsequently, we investigate these
distributions for different condensate fractions and inter-
action strengths. We also calculate the zero-time delay
autocorrelation function g(2)(0) to quantify the number
fluctuations and compare this to experiments. Finally,
we focus on Bose-Einstein condensates of photons and
discuss possible mechanisms for the interactions.
Interaction effects on number fluctuations.— We con-
sider a harmonically trapped Bose gas with a fixed num-
ber of particles. Because the condensates of quasiparti-
cles are typically confined in one direction, we specialize
to the case of two dimensions. However, the following
treatment is completely general and can easily be gener-
alized to higher or lower dimensions.
To investigate the number fluctuations, we first calcu-
late the average number of particles 〈N0〉 in the conden-
sate. Because the condensates of quasiparticles allow for
a free exchange of bosons with an external medium we
treat the system in the grand-canonical ensemble: the
probability distribution P (N0) for the number of con-
densed particles is of the form P (N0) ∝ exp
(−βΩ(N0)),
with Ω(N0) the grand potential of the gas of bosons.
To find the grand potential we use a variational wave-
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2function approach. We note that the bosons in the con-
densate typically interact with each other. A reason-
able first approximation for the form of this interaction
is a contact interaction, as essentially every interaction
is renormalized to a contact interaction at long length
and time scales, independent of the precise origin of the
interactions. Therefore, we consider the following energy
functional for the macroscopic wavefunction φ0(x) of the
Bose-Einstein condensate [17]
Ω[φ0(x)] =
∫
dx
(
~2
2m
∣∣∇φ0(x)∣∣2 + V ex(x) ∣∣φ0(x)∣∣2
− µ|φ0(x)|2 + g
2
∣∣φ0(x)∣∣4), (1)
where x is the two-dimensional position, the first term
represents the kinetic energy of the condensate, V ex(x) =
mω2|x|2/2 is the harmonic trapping potential, µ is the
chemical potential for the particles and g is the coupling
constant of the effective pointlike interaction between the
particles.
We use the Bogoliubov substitution φ0(x) =√
N0ψq(x), with the normalized variational wavefunction
ψq(x), such that
∫
dx|φ0(x)|2 = N0. Subsequently, we
minimize the energy as a function of the variational pa-
rameter q, which describes the width of the condensate.
As an ansatz we take the variational wavefunction to be
the Gaussian ψq(x) = (
√
piq)−1exp
(−|x|2/2q2). Substi-
tuting this into the energy given by Eq. (1) and minimiz-
ing with respect to the variational parameter, we obtain
qmin =
4
√
2pi~2 +mN0g
2piω2m2
= qho
4
√
1 +
g˜N0
2pi
, (2)
where we introduced the dimensionless coupling con-
stant g˜ := mg/~2 and the harmonic oscillator length
qho =
√
~/mω. Note that for a sufficiently small num-
ber of condensate particles qmin reduces to qho. For a
large number of condensate particles the Thomas-Fermi
ansatz for the wavefunction is in principle more appropri-
ate. However, it is well known from the atomic conden-
sates [18] that even in this case the Gaussian approach is
rather accurate.
We now substitute the minimal value for the varia-
tional parameter q into the energy functional, yielding
the probability distribution
P (N0) ∝ exp
(
βN0
(
µ− ~ω
√
1 +
g˜N0
2pi
))
, (3)
where the normalization is
∫∞
0
dN0P (N0) = 1.
Experimentally, the relevant parameter is the conden-
sate fraction x := 〈N0〉/〈N〉, with N the total number of
particles. Thus, to relate our results to the experiments
we need a relation between 〈N0〉 and the average total
number of particles. For temperatures T below the crit-
ical temperature for Bose-Einstein condensation, the av-
erage number of particles in excited states can in a good
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FIG. 1. (color online). Typical plot of the probability dis-
tribution for two-component bosons for a fixed interaction
strength g˜ = 5 · 10−6 and different condensate fractions xred
= 0.04, xorange = 0.28, xyellow = 0.40, xgreen = 0.45 and
xblue = 0.58.
approximation be determined from the ideal-gas result.
We obtain
〈Nex(T )〉 =
∫ ∞
0
g() d
exp
(
/kBT
)− 1 = Ns6
(
pikBT
~ω
)2
,
(4)
where we used the density of states g() = Ns/(~ω)2
for a two-dimensional harmonic trapping potential [19].
The integer Ns denotes the number of spin components
of the boson. The critical temperature Tc is defined by
〈N〉 = 〈Nex(Tc)〉. With this criterion, we find
〈N0〉 = xNs
6(1− x)
(
pikBT
~ω
)2
. (5)
Results.— Given an interaction strength g˜, we use the
normalized probability distribution in Eq. (3) to calcu-
late the chemical potential as a function of 〈N0〉, i.e.
µ = µ(〈N0〉). Given a condensate fraction x, we then
use Eq. (5) to calculate 〈N0〉 and the corresponding µ.
As an example we take Ns = 2, which is approriate for
the Bose-Einstein condensate of photons [14–16]. Finally,
we use the obtained chemical potential to plot the prob-
ability distribution at fixed x and g˜. Typical plots of the
probability distribution for different condensate factions
are displayed in Fig. 1. Clearly, we have exponential be-
havior due to a Poissonian process for small condensate
fractions and Gaussian behavior for larger condensate
fractions. Physically, this shows that the effect of repul-
sive interactions is to reduce number fluctuations, as the
interactions give fluctuations an energy penalty. Increas-
ing the interaction strength yields Gaussian behavior for
even smaller condensate fractions. These Gaussians are
also more strongly peaked around 〈N0〉 for higher inter-
action strengths, which is expected since stronger inter-
actions between the bosons leads to the surpression of
fluctuations.
Next, we obtain the second moment 〈N20 〉 from the
probability distribution P (N0). This gives us all the in-
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FIG. 2. (color online). Plot of the zero-time delay autocor-
relation function g(2)(0) against the condensate fraction x for
ω = 8pi · 1010 Hz and T = 300 K. The different curves cor-
respond to different interaction strengths: g˜red = 5 · 10−7,
g˜orange = 2 · 10−6, g˜green = 5 · 10−6, g˜blue = 3 · 10−5,
g˜purple = 2 · 10−4. The purple curve is fit to the included
experimental points from Klaers et al. [16].
formation needed to quantify the number fluctuations of
the condensate in terms of the zero-time delay autocor-
relation function g(2)(0), which is defined as
g(2)(0) :=
〈N20 〉
〈N0〉2 . (6)
A plot of this quantity against the condensate fraction
is displayed in Fig. 2 for different interaction strengths g˜.
We note that bunching of bosons takes place for all inter-
actions at small condensate fractions. For larger conden-
sate fractions g(2)(0) → 1. The interpretation is as fol-
lows. Suppose we fix the condensate fraction x. At small
interactions the quartic term in the energy in Eq. (1) is
small and the minima of the energy are small and broad,
yielding large number fluctuations. If we increase the in-
teraction, the minima become deeper and more narrow,
effectively reducing the fluctuations. The same reason-
ing holds for a fixed interaction strength and increasing
condensate fractions, as we can also see in Fig. 1.
Discussion.— The results in the previous sections
were quite generic for a two-dimensional, harmonically
trapped gas of bosons with two possible polarizations.
In fact, measurements of g(2)(0) have been performed
recently [16] in a Bose-Einstein condensate of photons,
enabling us to compare our theory with experiments.
In this experiment photons are confined in a dye-filled
cavity, providing a harmonic potential and giving the
photons an effective mass m by fixing their longitudi-
nal momentum kz [14]. The photons thermalize to the
temperature of the dye solution by scattering of the dye
molecules. Additionally, photon losses from the cavity
are compensated by external pumping, yielding a con-
stant average number of photons.
In Fig. 2 we plot the data of Klaers et al. for the sit-
uation that the photon interactions are experimentally
known [14]. This data set is closest to our theoretical
curve with g˜purple = 2 · 10−4. By measuring the size of
the condensate for different condensate fractions, it was
experimentally found that g˜ = (7 ± 3) · 10−4, which is
reasonably close to our result. It must be noted that
the experimental conditions of the included data points
in Fig. 2 were not identical to those in the measurement
of the interaction strength. This is important, because
deviations in the value of the trapping frequency ω can
change the outcome of g˜ significantly.
Klaers et al. have also studied the dependence of num-
ber fluctuations on the dye molecule density nmol and
detuning δ, which is roughly the difference between the
cavity frequency and a dye specific frequency related to
the effective absorption threshold of the dye molecules.
Within our theory, the dependence of number fluctua-
tions on these parameters can be incorporated via their
influence on the interactions. Unfortunately, the depen-
dence of the interactions on detuning and density of dye
molecules is not experimentally known. Therefore, it
would be useful to perform systematic measurements of
g˜ for different detunings and molecule concentrations, as
is also proposed in Ref. [21]. With this information, we
would be able to directly compare all experimental results
with our theoretical predictions for the number fluctua-
tions.
The question remains what mechanism can cause an
interaction that depends on both nmol and the detuning
δ. In fact, we conclude from the experimental data in
Ref. [16] that the interaction behaves counter-intuitively:
it decreases both for an increasing molecule density and
for a decreasing detuning. It has been suggested that the
interaction is caused by slight changes in the refractive
index of the solution as a function of either temperature
or the intensity of the photons [20, 21]. The former phe-
nomenon is known as thermal lensing, whereas the latter
is known as a Kerr-type nonlinearity. We shall now focus
on both effects seperately and estimate the strength of
the resulting interactions.
Thermal lensing is the phenomenon that the index of
refraction n depends on the temperature of the medium.
In the experiment of interest to us, non-radiative decay of
the dye molecules, local fluctuations in the photon num-
ber and the external pumping with a laser lead to tem-
perature fluctuations around the average temperature T0.
For a homogenous temperature distribution this implies,
to lowest order that n(T ) = n(T0) + α(T − T0). As the
photon energy depends on the index of refraction, these
temperature fluctuations couple to the photons. This
leads to a photon-photon interaction as displayed in the
Feynman diagram in Fig. 3. By assuming that the tem-
perature fluctuations behave diffusively, we derive in the
supplemental material that the interaction strength due
to this effect is given by
4γ,k+
γ,k+
γ,k+ γ,k+
δT,k = 0
1
FIG. 3. Feynman diagram for the photon-photon interaction
due to the diffusion of temperature fluctuations. The photons
γ are considered to be part of the condensate and are thus
at zero frequency and at momentum k+ = (0, 0, kz), as their
z-component momentum is fixed and kx = ky = 0 for the
condensate of the homogeneous photon gas.
g˜ =
4m3c4α2T0
3D0~2n6(T0)cp
, (7)
where D0 = 7pi/kz is the length scale associated to the
fixed longitudinal momentum kz of the photons and cp
is the heat capacity of the solution. Note that this inter-
action has no explicit dependence on the detuning δ, or
on the concentration of dye molecules nmol, as it is fully
determined by the properties of the solution. Both the
temperature dependence of the single-photon energy and
the heat capacity might depend on the number of dis-
solved dye molecules, but as the experiments by Klaers
et al. are performed for small concentrations of dissolved
Rhodamine 6G, we expect at least this latter effect to
be small. Neglecting the former effect and using typ-
ical numerical values for liquid methanol with 1 mmol
Rhodamine 6G dissolved [22, 23], we obtain an estimate
for the interaction strength of g˜ ∼ 10−9. This is several
orders of magnitude below the only experimental result
g˜ ∼ 10−4.
The other possible photon-photon interaction is due
to the Kerr effect: the index of refraction is changed by
photon-photon scattering mediated by the dye molecules.
It has been investigated in a somewhat different context
and manner in Refs. [21, 24]. We choose to describe and
calculate the Kerr effect by a Feynman diagram in the
form of a box, as is shown in Fig. 4.
In our earlier work in Ref. [25], we adopted a simpli-
fied description of the complex rovibrational structure
of the dye molecules by describing them as an effective
two-level system and by giving the molecules an effective
mass. Following this treatment, it turns out that the box
diagram contains a divergence of the form (µ−δ)−1. This
is similar to the Feshbach resonances known from cold-
atom physics [17, 26]. To get around this non-physical
divergence, we introduce a finite decay rate Γ for the ex-
cited molecules. We show in the supplemental material
that this leads to
g˜(µ) =
mg4molβnmol
~4Γ2D0
f(µ− δ), (8)
γ,k+
γ,k+
γ,k+
p, ↓,m
p+ k+, ↑,m
γ,k+
p, ↓,m
p+ k+, ↑,m
1
FIG. 4. Feynman diagram for the photon-photon interaction
mediated by the dye molecules. Again we take the photons
to be in the condensate: k+ = (0, 0, kz) and the frequency is
zero. The molecule forms a closed loop of ground (↓) and ex-
cited (↑) states, with momentum p and Matsubara frequency
ωm.
where gmol is the coupling strength of the photons to the
molecules and f(µ−δ) is a smooth dimensionless function
peaked around zero. Similar to the procedure followed
in Ref. [25] we calculate the self-energy of the photons
and by fitting to the seperately measured experimental
absorption spectrum of the used dye we obtain gmol, Γ
and δ. Due to the introduction of the finite lifetime Γ,
g˜ is no longer divergent, but simply peaked around the
detuning δ.
Subsequently, we have to solve g˜(µ) self-consistently
with the Gross-Pitaevskii equation. Considering the cen-
ter of the trap, i.e., V ex = 0, this amounts to solving
g˜(µ) = (m/~2nph)µ for µ, with nph the photon den-
sity. Having solved this equation, we substitute the found
chemical potential µ back into Eq. (8) and obtain the self-
consistent interaction strength. For typical experimental
parameters we obtain g˜ ∼ 10−8, which is also small com-
pared to the experimental value. However, the magni-
tude of g˜ is rather uncertain due to the simplification of
the rovibrational energy spectrum of the dye molecules to
a two-level system. Interestingly, we see from Eq. (8) that
this interaction depends both on the detuning δ and the
density of molecules nmol. We show in the supplemental
material that a self-consistent solution can give rise to
an interaction that decreases both for decreasing δ and
increasing nmol, which is precisely the counter-intuitive
behavior the experimental results exhibit.
In conclusion, we have calculated the effect of self-
interactions on number fluctuations in Bose-Einstein con-
densates. We have shown that the number fluctuations
increase for decreasing interaction strengths. Further-
more, we have compared our results with a Bose-Einstein
condensate of photons. We found rather good agree-
ment with the experimental curve for which both the
number fluctuations and g˜ are known. Subsequently, we
discussed possible mechanisms for the photon-photon in-
teraction. However, systematic measurements of the in-
teraction strength are necessary to understand the true
nature of the interaction. If the interaction is indeed a
5contact interaction at long wavelengths, then this would
imply that the photon condensate is also a superfluid.
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In this supplemental material we provide detailed derivations of and discussions on possible
photon-photon interactions in the condensate of photons. First, we consider thermal lensing and
derive the corresponding interaction strength. Subsequently, we calculate the interaction strength
for the Kerr effect. We discuss how the latter interaction effect depends the detuning δ and density
of molecules nmol.
CONTENTS
I. Introduction 1
II. Thermal Lensing 1
III. The Kerr Effect 3
A. Self-Energy 5
B. Box-Diagram 7
C. Dependence of Box Diagram on δ and nmol 8
References 8
I. INTRODUCTION
The goal of this supplemental material is to derive the equations for the interaction strengths that we used in the Letter.
We start with the phenomenon of thermal lensing by considering an action that includes temperature fluctuations
which behave diffusively. Integrating out these fluctuations, we arrive at a four-point vertex for the photons and
calculate the resulting interaction strength for the photons in the condensate. Next, we investigate the Kerr effect by
considering an action that incorporates the coupling between the photons and the dye molecules. By integrating out
the molecular fields, we arrive at an effective action for the photons, including a self-energy and a four-point interaction
vertex for the photons. Via an explicit calculation of the self-energy of the photons, we are able to fit the coupling
strength between atoms and molecules, the lifetime of the excited state and the detuning to the experimentally known
absorption cross section. Hereafter, we give an explicit expression for the box diagram and we obtain numerical values
for the interaction strength by using these particular values of the parameters. We end by discussing how this latter
interaction depends on the detuning δ and density of molecules nmol.
II. THERMAL LENSING
Thermal lensing is the phenomenon that an index of refraction is a function of the temperature of the system. In the
case of a homogenous temperature distribution this implies to lowest order that n(T ) = n(T0) +α(T − T0). However,
if the temperature fluctuates, we have T (x, t) = T0 + δT (x, t), where T0 := 〈T (x, t)〉 is the average temperature of the
system. We recall that the photons in the photonic condensate have a fixed longitudinal direction kz, such that their
∗e.c.i.vanderwurff@students.uu.nl
2energy is given by [1–3]
E =
~c
n
√
k2z + k
2
r
≈ mc
2
n2
+
~2k2r
2m
+
1
2
mω2|r|2, (1)
with m := kz~n/c, kr the two-dimensional transversal momentum, r = (x, y) a radial vector and ω := c
√
2/D0Rn2 the
harmonic trapping frequency with R the curvature of the mirrors. We now consider the following action in imaginary
time for the photon field φ(x, τ) and temperature fluctuation field δT (x, τ)
S =
∫
dx
∫
dτ
φ∗(x, τ)(~ ∂
∂τ
− ~
2∇2r
2m
− mc
2
n2
+
1
2
mω2|r|2 − µ
)
φ(x, τ) +
δT (x, τ)
2T0
(
cp +
κ∇2
i∂τ
)
δT (x, τ)
 , (2)
where x = (x, y, z) is a three-dimensional vector, ∇2r denotes that we only consider motion in the transversal direction,
cp is the heat capacity and κ the thermal conductivity. The part which is quadratic in the temperature fluctuations
is constructed such that it has the correct diffusive pole and diffusion propagator.
We now write for the index of refraction n(T ) = n(T0) + αδT (x, τ) to include thermal lensing, whilst keeping kz
fixed. Substituting this into the action and expanding for small temperature fluctuations, we obtain
S =
∫
dx
∫
dτφ∗(x, τ)
(
~
∂
∂τ
− ~
2∇2r
2m
− mc
2
n2(T0)
+
1
2
mω2|r|2 − µ
)
φ(x, τ)
+
∫
dx
∫
dτ
δT (x, τ)
2T0
(
cp +
κ∇2
i∂τ
)
δT (x, τ) +
2mc2α
n3(T0)
∫
dx
∫
dτδT (x, τ)φ∗(x, τ)φ(x, τ). (3)
We shift away the constant offset in the energy by setting µ′ = µ+mc2/n2(T0). Furthermore we note that the field
φ(x, τ) has an equation of motion in the longitudinal direction which decouples, such that we may write φ(x, τ) =
φlong(z)φtrans(r, τ) with r ∈ R2. The longitudinal part of the photon field is a standing wave and demanding that it
vanishes at the boundaries of the cavity we obtain the normalized solution
φlong(z) =
√
2/D0 sin(qpiz/D0), (4)
with D0 the fixed length of the cavity in the longitudinal direction and q = 7, 8 in the experiments of interest to us
[1–3]. As
∫
dz|φlong(z)|2 = 1, we find
S =
∫
dr
∫
dτφ∗trans(r, τ)
(
~
∂
∂τ
− ~
2∇2r
2m
+
1
2
mω2|r|2 − µ′
)
φtrans(r, τ)
+
∫
dx
∫
dτ
δT (x, τ)
2T0
(
cp +
κ∇2
i∂τ
)
δT (x, τ) +
2mc2α
n3(T0)
∫
dx
∫
dτδT (x, τ)φ∗(x, τ)φ(x, τ). (5)
We define the Fourier transforms as
φ(x, τ) = (~βV )−1/2
∑
p,n ap,ne
i(p·x−ωnτ),
φtrans(r, τ) = (~βA)−1/2
∑
k,n ak,ne
i(k·r−ωnτ),
δT (x, τ) = (~βV )−1/2
∑
p,n δTp,ne
i(p·x−ωnτ),
(6)
with the volume V and the area A := V/D0. We use the convention that a sum over k is over all vectors with a fixed
z-component kz and sums over p are ordinary three-dimensional sums. Substituting these Fourier transforms into the
action, we arrive at
S =
∑
k,n
a∗k,n(−~G−1γ (k, iωn))ak,n +
∑
p,n
δT ∗p,n(−~G−1T (p, iωn))δTp,n
+
1√
~βV
(
mc2α
n3(T0)
) ∑
k,p,n,m
(
a∗k+p,m+nak,nδTp,m + a
∗
k,nak+p,m+nδT
∗
p,m
)
, (7)
3γ,k, n
γ,k′ + p, n′ +m
γ,k+ p, n+m γ,k′, n′
δT,p,m
1
FIG. 1. Feynman diagram for the photon-photon interaction due to the diffusion of temperature fluctuations.
where we used δT ∗p,n = δT−p,−n. In the process we defined the inverse propagator in Fourier space for the temperature
fluctuations
− ~G−1T (p, ωn) =
1
T0
(
cp − κ|p|
2
ωn
)
. (8)
Subsequently, we complete the square, perform the path integral over δTk,n and re-exponentiate to arrive at the
effective action
S =
∑
k,n
a∗k,n(−~G−1γ (k, iωn))ak,n − ~Tr log(−G−1T (p, ωn))
− 1
~2βV
(
mc2α
n3(T0)
)2 ∑
k,k′,p
∑
n,n′,m
a∗k+p,n+mak,na
∗
k′,n′ak′+p,n′+mGT (p, ωm). (9)
The last term is depicted as a Feynman diagram in Fig. 1. From the effective action we read off the photon-photon
four-point vertex
Γ(4)(p,m) = −2
~
GT (p, ωm)
(
mc2α
n3(T0)
)2
. (10)
As the photon gas is confined to two dimensions we must scale Γ(4)(p,m) →
(∫D0
0
|φlong(z)|4 dz
)
Γ(4)(p,m) =
2Γ(4)(p,m)/3D0 to obtain the effective coupling constant g of the photons in the condensate. Taking the photons
in the condensate, i.e., with Matsubara frequency zero and only a non-zero momentum of kz in the z-direction, we
obtain
g˜ =
2Γ(4)(0, 0)m
3~2D0
=
4m3c4α2T0
3D0~2n6(T0)cp
. (11)
Typical values for the experimental parameters are: m = 6.7 · 10−36 kg, T0 = 300 K, D0 = 1.46 · 10−6 m [1], n = 1.34,
α = −5 · 10−4 K−1 [4], cp = c˜p/Vm with c˜p = 79.5 J mol−1 K−1 and Vm = 40.0 · 10−6 m3 mol−1 [5]. These values
yield an estimate for the interaction strength of g˜ ∼ 10−9.
III. THE KERR EFFECT
We now neglect the temperature depence of the index of refraction and focus on the Kerr effect. We therefore consider
an Euclidean action which includes the interactions between the photons and the molecules [6]
S =
∑
k,n
a∗k,n(−i~ωn + γ(k)− µ)ak,n +
∑
p,ρ,n
b∗p,ρ,n(−i~ωn + (p)− µρ +Kρ)bp,ρ,n
+
gmol√
~βV
∑
k,p,n,n′
(
ak,nbp,↓,n′b∗p+k,↑,n+n′ + a
∗
k,nbp+k,↑,n+n′b
∗
p,↓,n′
)
:= Sγ + S0 + Sint, (12)
4where V is the three-dimensional volume of the system, β := 1/kBT is the inverse thermal energy, gmol is the coupling
constant between the atoms and the molecules, (p) = ~2|p|2/2M is the dispersion relation for the molecules with
mass M and γ(k) = ~cmed
√
k2x + k
2
y + k
2
z the dispersion relation for the photons, in which kz is the fixed longitudinal
momentum and cmed the speed of light in the medium. In the action, we introduced the photon field amplitude ak,n
and molecule field amplitude bp,ρ,n. The photon fields are bosonic and we model the molecules as fermions, although
this is not important since in the end we always consider the classical limit for the dye molecules. Additionally, we
model the molecules as a two-level system consisting of an excited state (↑) and ground state (↓). Furthermore, the
associated energies of the states are given by K↑ = ∆ and K↓ = 0. Again we use the convention that a sum over
p is three-dimensional, whereas a sum over k is a two-dimensional sum over a three-dimensional vector with a fixed
z-component. Finally, the last two terms describe the absorption and emission of a photon.
From the action we read off the propagators of the non-interacting theory in Fourier space{
Gγ(k, iωn) = −~(−i~ωn + γ(k)− µ)−1,
Gρ(k, iωn) = −~(−i~ωn + (k)− µρ +Kρ)−1, (13)
where ωn denote the appropriate Matsubara frequencies. By using the action, we write down the partition function
Z of the theory as a path integral over the photonic and molecular fields. Subsequently, we perform perturbation
theory in the interaction parameter gmol to integrate out the molecules [7], i.e.,
Z =
∫
d[a∗] d[a] d[b∗↓] d[b↓] d[b
∗
↑] d[b↑]exp
(
−1
~
(
Sγ + S0 + Sint
))
= Z0
∫
d[a∗] d[a]exp
(
−1
~
Sγ
)(
1 +
1
2~2
〈S2int〉0 +
1
24~4
〈S4int〉0 +O(g6mol)
)
, (14)
where we defined 〈. . . 〉0 := Z−10
∫
d[b∗↓] d[b↓] d[b
∗
↑] d[b↑](. . . ) exp(−S0/~), Z0 :=
∫
d[b∗↓] d[b↓] d[b
∗
↑] d[b↑] exp(−S0/~) and
used the fact that 〈Smint〉0 = 0 if m is odd. By using Wick’s theorem we find for the term at order g2mol
〈S2int〉 = −
2g2mol
~βV
∑
k,p,n,n′
a∗k,nak,nG↑(p+ k, i(ωn + ωn′))G↓(p, iωn′). (15)
This term can be interpreted as a self-energy for the photons. A diagrammatic representation of this self-energy is
depicted in Fig. 2. We do a similar computation for the term at order g4mol. Expanding out the interaction term yields
k, n
p+ k, ↑,m+ n
k, n
p, ↓,m
1
FIG. 2. The Feynman diagram corresponding to Eq. (15). This diagram represents the self-energy of the photons.
sixteen terms, of which ten do not contain the appropriate combination of fields to yield a non-zero result when we
Wick contract them. The remaining six terms turn out to be identical, yielding
〈S4int〉0 =
12g4mol
(~βV )2
∑
p,k,n,n′
∑
k′,k′′,m,n′′
a∗k,nak′,n′a
∗
k′′,n′′ak−k′+k′′,n−n′+n′′G↑(p+ k, i(ωm + ωn))G↓(p, iωm)
×G↑(p+ k′, i(ωm + ωn′))G↓(p+ k′ − k′′, i(ωm + ωn′ − ωn′′))
− 12g
4
mol
(~βV )2
( ∑
p,k,n,n′
a∗k,nak,nG↑(p+ k, i(ωn + ωn′))G↓(p, iωn)
)2
. (16)
The first term is diagrammatically displayed as a box diagram in Fig. 4. The second term can be represented by a
5γ,k′, n′
γ,k− k′ + k′′, n− n′ + n′′
γ,k, n
p, ↓,m
p+ k′, ↑,m+ n′
γ,k′′, n′′
p+ k′ − k′′, ↓,m+ n′ − n′′
p+ k, ↑,m+ n
1
FIG. 3. The Feynman diagram corresponding to the first term in Eq. (16).
disconnected diagram: it is simply one half times the square of the self-energy diagram. All disconnected diagrams
disappear automatically when we sum the connected diagrams into an exponent. Hence, the sum of the self-energy
and the box diagram gives us the desired effective action
Seff =
∑
k,n
a∗k,n(−i~ωn + γ(k)− µ+ ~Σ(k, iωn))ak,n
+
1
2~βV
∑
k,k′,k′′
∑
n,n′,n′′
Γ(4)(k,k′,k′′, iωn, iωn′ , iωn′′)a∗k,nak′,n′a
∗
k′′,n′′ak−k′+k′′,n−n′+n′′ , (17)
where we defined the self-energy as
~Σ(k, iωn) :=
g2mol
~2βV
∑
p,m
G↓(p, iωm)G↑(p+ k, i(ωn + ωm)), (18)
and the photon-photon interaction vertex is given by
Γ(4)(k,k′,k′′, iωn, iωn′ , iωn′′) := − g
4
mol
~4βV
∑
p,m
G↑(p+ k, i(ωm + ωn))G↓(p, iωm)
×G↑(p+ k′, i(ωm + ωn′))G↓(p+ k′ − k′′, i(ωm + ωn′ − ωn′′)). (19)
A. Self-Energy
We are interested in calculating the self-energy given by Eq. (18). However, to avoid divergencies when calculating
the photon-photon interaction we first introduce a finite lifetime for the excited molecular state. To do this we recall
that the spectral function ρ(k, ω) is defined as
ρ(k, ω) := − 1
pi~
Im
[
G(+)(k, ω)
]
, (20)
where the retarded Green’s function follows from a Wick rotation of the Green’s function: G(+)(k, ω) = G(k, iωn →
ω + i0). Given a spectral function, we calculate the corresponding Green’s function by using the following relation
G↑(k, iωn) = ~
∫ ∞
−∞
dω
ρ↑(k, ω)
iωn − ω . (21)
For a free theory the spectral function is just a delta function centered around the single-particle energy. We give the
excited molecule a finite lifetime by broadening the spectral function to a Gaussian profile, i.e.,
ρ↑(k, ω) =
1√
2pi~Γ
exp
(
− (~ω − (k)−∆ + µ↑)
2
2(~Γ)2
)
, (22)
6such that the spectral function satisfies the frequency sum rule
∫∞
−∞ d~ωρ↑(k, ω) = 1. Note that this spectral function
is still centered around the single-particle energy of the excited molecule and that we have
lim
Γ→0
ρ↑(k, ω) = δ(~ω − (k)−∆ + µ↑). (23)
We consider the molecules in the classical limit. Thus, by using the Maxwell-Boltzmann distribution NMB(x) :=
exp(−βx), the molecule density in the excited state n↑ is equal to
n↑ ≈ 1
V
∫ ∞
−∞
d~ω
∑
k
ρ↑(k, ω)NMB(~ω)
=
1
Λ3
exp
(
βµ↑ − β∆ + 1
2
(β~Γ)2
)
, (24)
where the thermal de Broglie wavelength Λ is defined as Λ :=
√
2piβ~2/M . As limω→−∞NFD(ω) = 1 and we integrate
over ω, the approximation in the calculation above is only valid when the spectral function is almost zero for negative
ω. As the spectral function is centered around ~ω = (k) + ∆−µ↑, a reasonable restriction is ∆−µ↑− 2Γ~ > 0. This
condition is fulfilled for the values of ∆ and Γ we use. We are thus allowed to take the limit NFD(ω) → NMB(ω) in
the following, even if we integrate over ω.
Note that in the ground state the molecules still have an infinite lifetime and therefore the density of molecules in
the ground state is given by n↓ = Λ−3 exp
(
βµ↓
)
. We express the chemical potential of the ground state in terms of
∆µ := µ↑ − µ↓ and nmol := n↓ + n↑ as
exp
(
βµ↓
)
=
nmolΛ
3
1 + exp
(
β(∆µ−∆) + (~βΓ)2/2) , (25)
which is a relation we will use later on. We now explicitly calculate the self-energy by starting from the definition
provided in Eq. (18) and invoking Eqs. (21) and (22)
~Σ(k, iωn) =
g2mol
~2βV
∑
p,m
G↓(p, iωm)G↑(p+ k, i(ωm + ωn))
=
g2mol
~βV
∑
p,m
∫ ∞
−∞
d~ω′
(
ρ↑(p+ k, ω′)
i~(ωn + ωm)− ~ω′
)( −~
−i~ωm + (p)− µ↓
)
=
g2mol
V
∑
p
∫ ∞
−∞
d~ω′
(
ρ↑(p+ k, ω′)
−i~ωn + ~ω′ − (p) + µ↓
)(
NFD(~ω′)−NFD((p)− µ↓)
)
, (26)
where we performed the Matsubara summation and introduced the Fermi-Dirac distribution, which is defined as
NFD(x) := (exp (βx) + 1)
−1. Since we are considering a bath of molecules at room temperature, we are allowed to
take the limit NFD(x) → NMB(x) := exp (−βx). Furthermore, we perform a Wick rotation to obtain the retarded
self-energy. The only term that changes in the self-energy is
1
−i~ωn − (p) + µ↓ + ~ω′ → ipiδ(~ω
′ − (p) + µ↓ − ~ω) + P
(
1
~ω′ − (p) + µ↓ − ~ω
)
, (27)
with the symbol P symbolizing the principal value of the fraction. With the help of the relationships above, we find
for the imaginary part of the self-energy
R(k+, ω) := −Im(~Σ(+)(k+, ω))
= −pig
2
mol
V
∑
p
∫ ∞
−∞
d~ω′ρ↑(p+ k+, ω′)δ(~ω′ − (p) + µ↓ − ~ω)
(
e−β~ω
′ − e−β((p)−µ↓)
)
=
√
pig2molβ exp
(
βµ↓
)
(1− exp (−β~ω))
Λ3
√
2(2β(k+) + (~βΓ)2)
exp
(
−β((k+) + ∆−∆µ− ~ω)2
2((~βΓ)2 + 2β(k+))
)
, (28)
with k+ = (0, 0, kz) the wave number for photons in the condensate. By setting ∆µ = 0 and kz = ω/cmed and taking
the part of the expression above proportional to N↓, we obtain the absorption cross section at equilibrium. As it
7γ,k+
γ,k+
γ,k+
p, ↓,m
p+ k+, ↑,m
γ,k+
p, ↓,m
p+ k+, ↑,m
1
FIG. 4. Feynman diagram for a fourth-order photon-photon interaction. The photons γ are considered to be part of the
condensate and are thus at zero frequency and momentum k+ = (0, 0, kz), as their z-component momentum is fixed and
kx = ky = 0 for the ground state of the homogeneous photon gas. The molecule forms a closed loop of ground (↓) and excited
(↑) states, with momentum p and Matsubara frequency ωm.
turns out the result is almost (or in very good approximation) independent of the exact value kz, and therefore from
now onwards we take kz = 0, thereby simplifying our treatment considerably. In this case we find
σ(ω)
∣∣
kz=0
=
√
2pig2mol
~2Γcmed
exp
(
− (~ω −∆)
2
2~2Γ2
)
. (29)
Now we compare the absorption cross section for kz = 0 to the experimental data for the fluorescent dye [8, 9].
The absorption spectrum for the dye is asymmetric and impossible to fully reproduce within this simple treatment.
However, we can perform a fit to the line shape and obtain the coupling constant gmol, the lifetime Γ and detuning
∆. Typical values we find are gmol = 4 · 10−33 J m3/2, Γ = 1.15 · 1014 Hz and ∆ = 3.8 · 10−19 J.
B. Box-Diagram
We now evaluate the photon-photon interacting strength in the condensate, i.e., with Matsubara frequency zero,
and set kz = 0, as is justified by the previous section. This amounts to the Feynman diagram in Fig. 4. By using
G2↓(p,m) = −~∂↓G↓(p,m), we obtain
Γ(4)(0,0,0, 0, 0, 0) =
g4mol
~3βV
∂↓
∑
p,m
G2↑(p,m)G↓(p,m)
=
g4mol∂↓
2piβ~4Γ2Λ3
∫ ∞
−∞
d~ω
∫ ∞
−∞
d~ω′exp
(
βµ↓ − 1
2(~Γ)2
(
(~ω + ∆µ−∆)2) + (~ω′ + ∆µ−∆)2
))
× 1
ω − ω′
(
1
ω′
(1− e−β~ω′)− 1
ω
(1− e−β~ω)
)
(30)
where we again performed the Matsubara summation, we took the limit NFD(x) → NMB(x) and finally performed
the p-integral. After we have substituted Eq. (25), we perform the differentiation. Setting ∆µ − ∆ := µ − δ and
introducing the dimensionless quantities ω := β~ω, ω′ := β~ω′, δ := βδ and µ := βµ, we obtain
Γ(4)(0,0,0, 0, 0, 0) =
g4molβnmol
2pi~2Γ2{1 + exp (µ− δ + (β~Γ)2/2)}
∫ ∞
−∞
dω
∫ ∞
−∞
dω′(ω − ω′)−1
× exp
(
− 1
2(β~Γ)2
(
(ω + µ− δ)2 + (ω′ + µ− δ)2
))
×
(
1
ω′
(1− e−ω′)− 1
ω
(1− e−ω)
)(
1 +
1
(β~Γ)2
(ω + ω′ + 2µ− 2δ)
)
:=
g4molβnmol
~2Γ2
f(µ− δ), (31)
with f(µ − δ) a smooth dimensionless function peaked around zero. Again we must scale Γ(4) → 2Γ(4)/3D0, as the
photon gas is confined to two dimensions, to obtain the effective coupling constant g of the photons in the condensate.
8-6 βµ0 6
108
g~
0
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6
FIG. 5. (color online). The dimensionless interaction parameter g˜ as a function of the chemical potential βµ. We used T = 300
K, β~Γ = 2.9, D0 = 1.46 µm, g = 4.1 ·10−33 J·m3/2 (chosen such that we reproduce the photon self-energy) and m = 6.7 ·10−36
kg. The blue curve is for nmol = 9 · 1023 m−3 and βδ = 4.9. The green curve has twice the molecule density and the red curve
has unchanged nmol but βδ = 2.9. As an illustration, the black curve has slope 10
−8 and the dashed black curve 0.5 · 10−8.
The intersection of the black and blue curve yields the correct µ for the parameters of the blue curve. Doubling nmol we can
either find the intersection of the green curve and the black line, or the intersection of the blue curve with the dashed curve,
which has half the slope. In the latter case we explicitly see g˜ decreasing.
C. Dependence of Box Diagram on δ and nmol
We concluded from the experimental data in Ref. [3] that the photon-photon interaction strength behaves counter-
intuitively: it decreases both for an increasing molecule density and for a decreasing detuning. Having found the
expression Eq. (31) we have to solve for g˜(µ) self-consistently with the Gross-Pitaevskii equation. Considering the
center of the trap, i.e., V ex = 0, this amounts to solving g˜(µ) = (m/~2nph)µ for µ, with nph the photon density.
Graphically, this means that we need to find the intersection of g˜(µ) and (m/~2nph)µ. Using typical experimental
parameters we find g˜ ∼ 10−8 − 10−7. This is rather small compared to the experimental value of g˜ ∼ 10−4. However,
this box diagram does have the correct behavior as a function of δ and nmol, as we discuss now.
If the magnitude of g˜ and the slope m/~2nph are such that the intersection occurs on the right side of the peak
in g˜, increasing the molecule density (and thus proportionally g˜) means that the point of intersection moves to the
right. This implies that the strengt of the interaction decreases. A graphical representation is given in Fig. 5. This is
exactly the counter-intuitive behavior we are looking for. In order to relate the interaction strength g˜ to the detuning,
we note that g˜ only depends on µ− δ. Therefore, by changing δ we shift the position of the maximum of g˜. Thus, if
we alter δ such that g˜ moves to the left, the interaction strength decreases. In conclusion, this box diagram yields a
possible mechanism for the counter-intuitive behavior of the interaction that we found by comparing our theory for
photon condensate-number fluctuations to available experiments [2].
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